ABSTRACT. We construct a family of right-angled Coxeter groups which provide counter-examples to questions about the stable boundary of a group, one-endedness of stable subgroups, and the commensurability types of right-angled Coxeter groups.
INTRODUCTION
In this short note we construct right-angled Coxeter groups with some interesting properties. These examples show that a number of questions in geometric group theory have more nuanced answers than originally expected. In particular, these examples resolve the following questions in the negative:
‚ (Charney and Sisto): As is the case for right-angled Artin groups, do all (nonrelatively hyperbolic) right-angled Coxeter group have totally disconnected contracting boundary? ‚ (Taylor): Given that all known quasigeodesically stable subgroups of the mapping class group are virtually free, does it hold that in any (non-relatively hyperbolic) group that all quasigeodesically stable subgroups have more than one end? ‚ (Folk question): If a right-angled Coxeter group has quadratic divergence, must it be virtually a right-angled Artin group?
We describe a family of graphs, any one of which is the presentation graph of a right-angled Coxeter group which provides a counterexample to all three of the above questions. We expect that in special cases, and perhaps in general with appropriate modifications, there are interesting positive answers to these questions; we hope this note will encourage the careful reader to formulate and prove such results.
The construction we give was inspired by thinking about the simplicial boundary for the Croke-Kleiner group, see [BH, Example 5 .12] and [Tat2] . In the process we give a quick introduction to a few topics of recent interest in geometric group theory, for further details on these topics see also [ABD, BDM, Cha, CS, Cor2, DT, Tra] .
THE CONSTRUCTION
Let Γ n be a graph with 2n vertices built in the following inductive way. Start with a pair of vertices a 1 , b 1 with no edge between them. Given the graph Γ n´1 , obtain the graph Γ n by adding a new pair of vertices a n , b n to the graph Γ n´1 and adding four new edges, one connecting each of ta n´1 , b n´1 u to each of ta n , b n u. See Figure 1 . FIGURE 1. The graphs Γ 14 (left) and Γ (right).
Note that Γ n is a join if and only if n ď 3. More generally, a i , a j are contained in a common join if and only if |i´j| ď 2.
For any m ě 5 choose n sufficiently large so that there exists a set of points P " tp 1 , . . . , p m u Ă Γ n with the property that for each 1 ď i ă j ď m the points p i and p j are not contained in a common join in Γ n . For example, in Γ 14 we could choose the vertices P " ta 1 , a 4 , a 7 , a 10 , a 13 u. For each 1 ď i ă m add an edge between p i and p i`1 ; also, add an edge between p m and p 1 . Call this new graph Γ. There are many choices of Γ depending on our choices of n, m, and P; for the following any choice will work.
Associated to any graph, one can construct the right-angled Coxeter group with that presentation graph, this is the group whose defining presentation is given by: an order-two generator, for each vertex of the graph, and a commutation relation, between each of the generators associated to a pair of vertices connected by an edge.
Let W denote the right-angled Coxeter group whose presentation graph is the Γ constructed above. In the next section, we record some key properties about the group W and then, in the final section, apply this to the questions in the introduction.
2. PROPERTIES 2.1. Quadratic divergence. Proposition 2.1. The group W has quadratic divergence. In particular, this group is not relatively hyperbolic.
Proof. It is easily seen that the graph Γ n has the property that each vertex is contained in at least one induced square. It is also easy to verify that given any pair of induced squares S, S 1 in Γ n , there exists a sequence of induced squares S " S 1 , S 2 , S 3 , . . . , S k " S 1 where for each 1 ď i ă k the squares S i and S i`1 share 3 vertices in common. This property, that there are enough squares to chain together any pair of points, is called CFS; it was introduced in [DaT] and studied further in [BFRHS, Lev] .
Since Γ has the same vertex set as Γ n , and every induced square in Γ n is still induced in Γ, it follows that Γ also has the CFS property.
Given any graph with the CFS property and which is not a join, the associated right-angled Coxeter group has exactly quadratic divergence, see [DaT, Theorem 1.1] and [BFRHS, Proposition 3.1] .
The second statement in the proposition follows from the fact that any relatively hyperbolic group has divergence which is at least exponential [Sis, Theorem 1.3].
2.2. Stable surface subgroups. An undistorted subgroup is said to be (quasi-geodesically) stable if each pair of points in that subgroup are connected by uniformly Morse quasigeodesics, see [DT] . Proposition 2.2. W contains a closed hyperbolic surface subgroup which is stable.
Proof. Recall that in any right-angled Coxeter group an induced subgraph yields a subgroup isomorpic to the right-angled Coxeter group of the associated subgraph. Also, note that the right-angled Coxeter group associated to a cycle of length at least 5 is a 2-dimensional hyperbolic orbifold group. Thus, the subgraph spanned by P, which is a cycle of length m ě 5, yields a subgroup, H, which is isomorphic to a 2-dimensional hyperbolic orbifold group.
By construction, the subgraph P doesn't contain any pair of non-adjacent vertices in a common join of Γ (by assumption we use the term join to mean non-degenerate join, in the sense that both parts of the join have diameter at least 2); thus no special subgroup of H is a direct factor in a non-hyperbolic special subgroup of W .
It is proven in [ABD, Theorem B] that, a subgroup of a hierarchically hyperbolic space is stable if and only if it is undistorted and has uniformly bounded projections to the curve graph of every proper domain in some hierarchically hyperbolic structure; in turn, this property is equivalent to the orbit of the subgroup being quasi-isometrically embedded in the curve graph of the nest-maximal domain.
A hierarchically hyperbolic structure on right-angled Coxeter groups was built in [BHS] ; in that structure the curve graphs are contact graphs which were first defined in [Hag1] where it was proven they are all quasi-trees. In the present context, a domain can be thought of as a certain convex subcomplex of the Davis complex arising from special subgroups and orthogonality holds when the Davis complex contains the direct product of a given such pair.
Since a closed surface group can not be quasi-isometrically embedded in a quasitree, to verify the proposition a different hierarchically hyperbolic structure must be used; for this we now rely on a method developed in [ABD] for modifying structures. The construction given in [ABD, Theorem 3 .11] modifies the structure, by removing certain domains and augmenting the curve graphs associated to domains in which they are nested. Indeed, passing to the new structure and back, it follows that to verify a given subgroup has uniformly bounded projections in a particular structure, it suffices to verify that the subgroup has uniformly bounded projections to the set of domains W with the property that for each W P W, there exists a domain U which is orthogonal to W and with infinite diameter curve graph (since all other domains will be removed in the new structure while only changing the curve graph of the nest-maximal domain).
In the standard hierarchically hyperbolic structure the only domains to which H has unbounded projections are contained in the subcomplex of the Davis complex associated to the special subgroup H. As noted above, since no pair of vertices in P are contained in a common join in Γ, these domains all have the property that any domains orthogonal to one of them must have uniformly bounded diameter. Thus, applying the results of [ABD] just discussed, it follows that H is stable. Now take a cover of the orbifold to get the desired closed hyperbolic surface. 3. APPLICATIONS 3.1. Morse boundaries. Charney and Sultan introduced a boundary for CAT(0) groups which captures aspects of the negative curvature of the group [CS] . Their construction was then generalized by Cordes to a framework which exists for all finitely generated groups [Cor1] ; in this general context it is known as the Morse boundary. Charney and Sultan built examples of relatively hyperbolic right-angled Coxeter groups whose boundaries are not totally disconnected [CS] . More generally, it is now known that for hyperbolic groups, the Morse boundary coincides with the hyperbolic boundary [Cor1, Main Theorem (3) ]; using this it is easy to produce many examples of hyperbolic and relatively hyperbolic right-angled Coxeter groups whose boundary are not totally disconnected.
On the other hand, the Morse boundary of any right-angled Artin group A Γ is totally disconnected. The two-dimensional case of this is implicit in [CS] . In general, this fact follows from the fact that the contact graph has totally disconnected boundary (since it is a quasi-tree) and [CH, Theorem F] . To see this recall that [CH, Theorem F] provides a continuous map from the Morse boundary of A Γ to the boundary of the contact graph of the universal cover of the Salvetti complex of A Γ ; at which point the result follows since Morse geodesic rays lying at infinite Hausdorff distance cannot fellow-travel in the contact graph, so this continuous boundary map is injective.
Accordingly, Ruth Charney and Alessandro Sisto raised the question of whether outside of the relatively hyperbolic setting, right-angled Coxeter groups all have totally disconnected Morse boundary. The group W constructed above shows the answer is no, since it is not relatively hyperbolic by Proposition 2.1 and its boundary is not totally disconnected, by Corollary 2.4.
3.2. Stable subgroups. Examples of stable subgroups are known both in the mapping class group [Beh, DT] and in right-angled Artin groups [KMT] . In both of these classes, all known examples of stable subgroups are virtually free; in the relatively hyperbolic setting on the other hand, it is easy to construct one-ended stable subgroups. Sam Taylor asked whether there exist non-relatively hyperbolic groups with one-ended stable subgroups. The example W is a non-relatively hyperbolic group with one-ended stable subgroups by Proposition 2.1 and Proposition 2.2.
3.3. Commensurability. A well-known construction of Davis-Januszkiewicz [DJ] shows that every right-angled Artin group is commensurable to some right-angled Coxeter group. The following is a well-known problem:
Question 3.1. Which right-angled Coxeter groups are commensurable to rightangled Artin groups?
It is known that any right-angled Artin groups either has divergence which is linear (if it is a direct product) or quadratic, see [BC] or [ABD` ]. Since divergence is invariant under quasi-isometry, and hence under commensurability as well, this puts a constraint on the answer to Question 3.1. Several people have raised the question of whether every right-angled Coxeter group with quadratic divergence is quasi-isometric to some right-angled Artin group. The group W shows that the answer is no, since [Cor1, Main Theorem (2) ] proves that the Morse boundary is invariant under quasi-isometries, but Propositions 2.1 and 2.2 show that the group W is a right-angled Coxeter group with quadratic divergence whose Morse boundary contains an embedded circle, while the Morse boundary of any right-angled Artin group is totally disconnected.
FURTHER QUESTIONS
In [BFRHS] it was established that for a large range of density functions that asymptotically almost surely the random graph yields a right-angled Coxeter group with quadratic divergence. More generally, it is known that among n-vertex graphs with density greater than 1{n and bounded away from 1, that asymptotically almost surely any random graph of this type will contain a large induced polygon. Accordingly, we expect that the proof of Corollary 2.4 could be used to verify: Conjecture 4.1. For any density greater than 1{n and bounded away from 1, asymptotically almost surely the random right-angled Coxeter group contains circles in its Morse boundary. In particular, it is not virtually a right-angled Artin group.
The prevalence of right-angled Coxeter groups with quadratic divergence makes the following an appealing (but likely very difficult) question: Question 4.2. Classify right-angled Coxeter groups with quadratic divergence up to quasi-isometry. Classify them up to commensurability. 
